We introduce a momentum dependent mixing angle α(p 2 ) which allow us to diagonalize at any external momentum p the one-loop corrected inverse propagator matrix of two coupled scalar fields while keeping the full momentum dependence in the self energies. We compare this method with more traditional techniques applied to the diagonalization of coupled scalars at the one-loop level. This method is applied to the CP-even Higgs sector of the Minimal Supersymmetric Model, defining the momentum dependent mixing angle α(p 2 ), and calculating the two CP-even Higgs masses and the mixing angle at these two scales. We compare the results obtained in this way with alternative techniques. We make explicit the relation between α(p 2 ) and the running mixing angle. We find differences between the mixing angle calculated with our method and the one calculated with more traditional methods, and these differences are relevant for Higgs searches at LEP2.
Introduction
In field theory it is common to find mixing between different species of scalars, fermions, or vector bosons. In the Standard Model (SM) we have the mixing between the gauge fields B and W 3 corresponding to the groups U(1) and SU(2) respectively. After a rotation given by the weak mixing angle tan θ W = g ′ /g at tree level we find the mass eigenstates γ and Z. Similarly, mixing between scalar particles are typical of two Higgs doublets models, and in supersymmetric theories mixing between fermions are also common (charginos, neutralinos) .
In all cases it is trivial to find the mass eigenstates at tree level, however, one-loop radiative corrections will mix the tree-level diagonalized states (for example, Z and γ mix at one loop with charged particles in the loop). Moreover, the sum of the mixing graphs will be infinite and momentum dependent. In order to remove the infinities, mass counterterms and wave function renormalization constants are introduced.
Several years ago, Capdequi-Peyranère and Talon [1] studied the wave function renormalization of coupled systems of scalars, fermions, and vectors. Their approach include conventional mass counterterms and wave function renormalization plus a nonconventional field "rotation" that allow them to impose no mixing between the states at different scales. These scales are the masses of the different states. In this paper we generalize this idea and, at the same time, explain the nature of this field "rotation" by introducing a momentum dependent mixing angle between two coupled scalars.
In the Minimal Supersymmetric Model (MSSM) the CP-even Higgs sector consists of two coupled scalars H and h, whose masses satisfy m H > m h . Tree level mass relations are simple and specified by two unknown parameters: the mass of the CP-odd Higgs m A and the ratio of the two vacuum expectation value of the two Higgs doublets tan β. Nevertheless, radiative corrections strongly modify the tree level mass relations, and since the lightest Higgs might be the first particle detected in the Higgs sector, it is necessary to achieve a good understanding of the effect of radiative corrections on this system of coupled scalars. For this reason, the CP-even sector of the MSSM is the best place to apply the method of diagonalization of coupled scalars we are proposing here.
Renormalization of Coupled Scalars

Conventional Wave Function Renormalization
Similarly to ref. [1] (the only difference is that they have m 2 12b ≡ 0), consider the bare lagrangian corresponding to a system of two scalars:
If we denote by −iA χ ij (p 2 ), i, j = 1, 2, the sum of the one-loop Feynman graphs contributing to the two point functions and, after shifting the bare masses by m δZ i )χ i , the effective lagrangian is Although it is not a necessary assumption, in order to compare more easily with ref. [1] , we will assume for the moment that the two scalars are decoupled at tree level, i.e., m 2 12 = 0. In this case, if we want m i , i = 1, 2, to be the physical masses (the pole of the propagators) then the two mass counterterms are fixed through the relations
Similarly, we may want to fix the wave function renormalization constants by setting to one the residue of each propagator at its pole. In this case we find
where the prime denote the derivative with respect to the argument. We may want to fix the δm 2 12 counterterm by imposing no mixing between χ 1 and χ 2 at a given scale, for example at p 2 = m 2 1 . In this case, the off diagonal element of the inverse propagator matrix is
At this point all the counterterms are fixed, and since A χ 12 (p 2 ) is zero only at p 2 = m 2 1 , the two fields are not decoupled at a different scale. In particular, at the scale given by the mass of the second scalar, p 2 = m 2 2 , the mixing is not zero:
Of course, this non-zero mixing is of one-loop order, and if the calculation of the oneloop scalar masses is done by diagonalizing the inverse propagator matrix order by order in perturbation theory, then this non-zero mixing would be a two-loop order effect. Nevertheless, this perturbative diagonalization can introduce large errors if radiative corrections are large. And this is the case with the CP-even Higgs sector of the Minimal Supersymmetric Model (MSSM).
Momentum Dependent Mixing Angle
In this paper we introduce a momentum dependent mixing angle α(p 2 ) which will allow us to diagonalize the inverse propagator matrix at any momentum [2, 3] . Considering the already finite inverse propagator matrix elements in eq. (3) (now we work on the general case m 12 = 0 and δm 2 12 = 0), we define the momentum dependent mixing angle
where s α and c α are sine and cosine of the momentum dependent mixing angle α(p 2 ). In order to find the connection between the mixed wave function renormalization introduced in ref. [1] and the momentum dependent mixing angle introduced here, consider eqs. (3) and (16) . In the case where m 2 12 = 0 we find in first approximation
where A χ 12 (p 2 ) is defined in eq. (6) . Therefore, the mixed wave function renormalization defined by eq. (15) can be obtained from the rotation by an angle α(p 2 ) defined in eq. (17) if we approximate eq. (16) to one-loop, order by order in perturbation theory, and evaluate the non-diagonal entries in the first rotation matrix in eq. (17) . The use of a momentum dependent mixing angle is an alternative to define a counterterm for this angle. In fact, the renormalization procedure is carried out in the unrotated basis and no mixing angle is defined at that level. Similarly, instead of renormalizing couplings of the rotated fields to other particles, we renormalize couplings of the unrotated fields to those particles and after that we rotate by an angle α(p 2 ), where p 2 is the typical scale of the process, for example, p 2 = m 2 i if the rotated field χ i is on-shell. Usually, working out the radiative corrections in the unrotated basis implies one extra advantage, and that is the simplicity of the Feynman rules. In the following we will illustrate these ideas by renormalizing the CP-even neutral Higgs masses of the Minimal Supersymmetric Model (MSSM).
The Minimal Supersymmetric Model
The radiative corrections to the Higgs masses in the MSSM have been studied by many authors in the last few years, using three different techniques: the renormalization group equation (RGE) method, the effective potential, and the diagramatic technique. It was established the convenience of the parametrization of the Higgs sector with the CP-odd Higgs mass m A , and the ratio of the vacuum expectation values of the two Higgs doublets tan β = v 2 /v 1 . The radiative corrections to the charged Higgs mass were found to be small [4, 5, 6] , growing as m 2 t , unless there is an appreciable mixing in the squark mass matrix: in that case a term proportional to m 4 t is non-negligible [5] . The corrections to the CP-even Higgs masses are large and grow as m 4 t , and have profound consequences in the phenomenology of the Higgs sector [6, 7, 8, 9, 10] . Two-loop corrections also have been calculated and shown to be important [11] .
The MSSM has two Higgs doublets [12] :
with v i being the vacuum expectation value of the Higgs fields H i . In the CP-even Higgs sector there are two coupled scalar fields (χ 
, where p 2 is the external momentum squared. In perturbative diagonalization of the one-loop mass matrix it is consistent to consider p 2 as a constant equal to the tree level mass matrix element. Nevertheless, it has been shown that for large values of the top quark mass, the perturbative diagonalization of the mass matrix is not reliable. We will study the effect of those approximations, namely the perturbative diagonalization of the mass matrix and the replacement of the external momentum in the self-energies by a constant, and compare them with the use of the momentum dependent mixing angle α(p 2 ) that diagonalizes non-perturbatively the inverse propagator matrix of the CP-even Higgs sector, and we find numerically the pole of the propagators keeping the full momentum dependence.
i are soft supersymmetry breaking terms, and µ is the mass parameter in the superpotential. At tree level and at the minimum (t 1 = t 2 = 0), this matrix is diagonalized with a rotation of an angle β. The tree level CP-odd Higgs mass is:
where the subscript "0" refers to the tree level. On the other hand, the mass matrix of the neutral CP-even Higgs bosons is
where
. From now on, we will use the following notation for its matrix elements: (M 
with a tree level mixing angle
( 25) where we have omitted the subscript "0" from m
2
A . Next, we calculate the radiative corrections to this mixing angle α, and introduce the momentum dependent mixing angle α(p 2 ).
One-loop corrections to the CP-even Higgs masses
To find the one loop corrections to the Higgs masses and mixing angle, we take the mass matrix for the CP-even fields and replace the bare quantities as indicated by:
The one loop effective lagrangian in the CP-even Higgs sector (we have not rotated the original fields) has the form:
with the matrix elements given by
where we are allowed to set t i = 0 in m χ2 ii , given in eq. (23) . The mass counterterms are:
and to fix them we adopt an on-shell scheme. Consider first the quadratic terms in the CP-odd Higgs sector (after rotating by an angle β):
where the relevant matrix element is
and the mass counterterm is given by
and the wave function renormalization constant is
To fix the mass counterterm δm 2 A we adopt the following on-shell renormalization condition:
ReΣ
which means that the parameter m 2 A has been defined as the pole of the propagator. Similarly to the previous case, the mass counterterms for the Z-and W -boson are fixed in an on-shell scheme:
i.e., the parameters m Z and m W are the pole masses. Tadpoles are zero at tree level (t i = 0), and to fix their counterterms it is convenient to impose vanishing tadpoles at one-loop as well. If we call −iΓ (1) i to the sum of all Feynman diagrams (the 1-point irreducible Green's function) contributing to the oneloop tadpole, then the tadpole counterterm is equal to the sum of all one-loop tadpole graphs
Now we calculate the counterterm δt β . We define the parameter tan β through the mẽ L and mν e masses [13] 1 .
where the last two self energies receive no contributions from loops containing top and bottom quarks and squarks. In this way, with eqs. (32), (34), (35), (36), and (37) we can calculate the mass counterterms in eq. (29), which have been fixed in an on-shell scheme where m Z , m W , and m A are pole masses, and the tadpoles are equal to zero at the one-loop level.
The pole masses of the two neutral Higgs bosons are the zeros of the inverse propa-
, whose matrix elements are defined in eq. (28), therefore the Higgs masses satisfy the following relation
where we call
From here we see that the wave function renormalization constants Z i , i = h, H are canceled from the eigenvalue equation, implying the independence of the Higgs masses on the Z i . In ref. [16] the Higgs masses are calculated in this way, although without defining a momentum dependent mixing angle. The eigenvalues of the matrix Σ
are the inverse propagators of the two Higgs bosons, and they are given by
where i = H, h and the + (−) sign correspond to the field h (H). These inverse propagators have a zero at the physical mass of the Higgs field: Σ h (m 2 h ) = 0 and Σ H (m 2 H ) = 0 and we solve these equations numerically. The wave function renormalization constants Z i , i = 1, 2, have not been calculated. We impose that the residue of the propagator of the CP-even Higgs bosons h and H are normalized to one. From eq. (40) we get
from where the wave function renormalization constants can be calculated.
is diagonalized at a particular momentum p 2 by a rotation defined by the angle α(p 2 ). This mixing angle satisfy
In ref. [10] it is used a wave function renormalization of the type in ref. [1] to renormalize the CP-even Higgs sector of the MSSM, obtaining formulas analogous to eq. (10), and then it is defined the angle α at two different scales. Those two angles are special cases of the momentum dependent mixing angle α(p 2 ) in eq. (42). It is worth to mention that, since the residue of the pole of the propagator of the Higgs A is not normalized to unity, when renormalizing processes with external Higgs A it is necessary to multiply by the finite wave function normalization
which up to one-loop order reduces to Z 1/2
And from here we have checked that all the divergences cancel in each matrix element in eq. (44).
Perturbative limit
At this point, it is instructive to make a perturbative expansion of tan 2α(p 2 ) defined in eq. (42). If we call ∆t 2α = tan 2α − t 2α 0 , and keeping only one-loop terms, we get:
The variation of the angle α in eq. (45) is the finite one-loop correction to the tree level angle defined in eq. (25), calculated perturbatively. Now, to clarify even more the meaning of the angle α(p 2 ) in eq. (42) χ by an angle α 0 we will diagonalize the tree level part of the inverse propagator matrix, but not the one-loop part:
where the rotation matrix is defined by 
and A ab (p 2 ) (a, b = h 0 , H 0 ) are the renormalized two-point functions. Now, to further diagonalize the inverse propagator matrix in eq. (46) we need a rotation of one-loop order by an angle ∆α:
Imposing that the off-diagonal matrix element in
∆α is zero, we get
where c 2α 0 = cos 2α 0 and s 2α = sin 2α 0 . Using the relations ∆s α = c α 0 ∆α, and ∆c α = −s α 0 ∆α, we can prove that
and from eq. (50) and using s 2α 0 (m
we recover eq. (45). In conclusion, we have proved that
i.e., a rotation by the angle α 0 followed by a rotation by the angle ∆α is the perturbative approximation of a rotation by the angle α(p 2 ).
Relation with the running mixing angle
Another useful point to clarify here is the relation between the momentum dependent mixing angle α(p 2 ) and the running mixing angle α(Q), where Q is an arbitrary mass scale introduced by the momentum subtraction scheme DR in dimensional reduction [17] 2 . The renormalization group equation (RGE) satisfied by the angle α is directly related to the divergent terms of its counterterm. Since t 2α 0 is defined at tree level by
its counterterm, defined by the relation t 2α 0 = t 2α − δt 2α , satisfy
This term is contained in the finite shift of the angle α given in eq. (45), then we have
Since ∆t 2α is finite, to find the divergent terms of the counterterm δt 2α it is enough to look for the divergences of the second term in the right hand side of eq. (55). In order to compare with ref. [18] , where the contribution from the top quark to the counterterm for the angle α is calculated, we concentrate only in the top quark contribution. From eq. (41), and keeping only one-loop divergent terms, we have
where N c = 3 is the number of colors, ∆ is the regulator in dimensional regularization given by
n is the number of space-time dimensions, and γ E is the Euler's constant. On the other hand, the contribution from the top quark to the mixing between h 0 and H 0 is
Replacing eqs. (56) and (58) into eq. (55), and considering that ∆t 2α is finite, we get
and this is the same answer we find in ref. [18] , with the exception of the sign, since here we define the counterterm of the angle α with the opposite sign. Now we have checked that we reproduce the correct divergent terms for the tan 2α counterterm, we turn to the relation itself between the renormalized tan 2α(p 2 ) and the running tan 2α(Q). In the MS scheme, each counterterm is fixed to cancel the divergent pieces of the corresponding loop corrections. In the case of tadpoles we have
Therefore, the running tadpoles are equal to
Considering the tree level neutral CP-even Higgs mass matrix in eq. (23), we find that the renormalized inverse propagator matrix in the MS scheme has the following matrix elements:
and from here we can find the renormalized α(p 2 ) in terms of MS quatities
or, in first approximation
3 To see the effect the running tadpoles have in the determination of running parameters, see [19] .
where the running tan 2α is defined as
The relation between tan 2α(p 2 ) and tan 2α(Q) in eq. (63) is completed when we give the on-shell definition of the Z and A masses:
where the tilde over the self energies means that the counterterms have already canceled the divergent terms. The relation between the on-shell definition of t β and the running t β (Q) can be deduced from ref. [14] .
Numerical Results
In this section we compare numerically the momentum dependent mixing angle method of diagonalizing coupled scalars with more conventional methods. We have chosen to compare with: (a) the tree level approximation; (b) the approximation where we diagonalize the matrix formed by the tree level quantities plus the pieces of the radiative corrections proportional to m 4 t [20, 9] . By doing this we obtain the eigenvalues
and mixing angle
where:
and (c) the leading logarithms approximation. The exact formulae for loops involving top and bottom quarks and squarks are given in the appendix (see also ref. [2] ), and loops corresponding to the gauge bosons, Higgs bosons, charginos and neutralinos are treated at the leading logarithm approximation. It is useful to evaluate the formulae in the appendix in the limit M 
where W . Note that it also displayed the largest of the non-leading logarithm terms; it is proportional to the momentum p 2 and to the second power of the top quark mass.
The hZZ coupling in the MSSM relative to the same coupling in the SM is given by the parameter sin(β − α). In Fig. 1 we plot this parameter as a function of tan β. The upper dotdashed curve correspond to the tree level approximation. The ∆ timproved approximation is in the dotted line [calculated with α defined in eq. (68) From Fig. 1 we can learn that the tree level approximation can give completely wrong results. The ∆ t -improved and the leading logarithms approximations give results that are quite close to each other, indicating that the m 4 t terms are the main contributions to the leading logarithms for the chosen parameters of this figure. Both approximations can differ from the results using α(p 2 ), specially in the high tan β region. The parameter calculated with our method shows a strong dependence on the squark mixing parameters, as it can be appreciated from the solid and dashed curves in cases (a) and (b). We also can see that the angle α(p 2 ) has a small variation between the two physical external momenta p 2 = m 2 h and p 2 = m 2 H . The same kind of graph is in Fig. 2 , where we plot sin(β − α) as a function of tan β. As opposed to the previous figure, here we consider lighter squarks:
GeV, and µ = −70 GeV. The most interesting feature here is that the parameter sin(β − α) is substantially different in the two different external momenta p 2 = m 2 h and p 2 = m 2 H when tan β is large. In addition, this time not only the tree level calculation gives wrong results, but also the leading logarithms approximation. The fact that squarks are light implies that leading logarithms of particles other than squarks are also important, and this is reflected in the fact that the ∆ t -improved approximation is very different from the complete leading logarithm approximation. For the parameters chosen in this figure, we see that the ∆ t -improved curve is close to the curves calculated with α(p 2 ), but this is an accident as we can see in the next figure.
In Fig. 3 we plot sin(β−α) as a function of m A for a fixed value of tan β = 40 and for light squarks. Here it become evident that any of the three traditional approximations can give a value of sin(β − α) with an error of 40% or more. Considering that the relevant parameter for the Higgs search is the MSSM is sin 2 (β − α) we see that the error on the cross section can be of the order of 60% ! The Higgs mass calculated with our method was compared to more traditional methods in ref. [23] . In that reference we mention the differences between the Effective Potential method, the Renormalization Group Equations method, and the Diagramatic method. Here we discuss quantitatively these differences through an example given by the choice of parameters in Fig. 4 .
The Higgs masses are calculated by finding the zeros of the determinant of the inverse propagator matrix Σ
as indicated by eq. (38). The non-trivial momentum p 2 dependence of the matrix elements Σ χ ij (p 2 ) is in the self energies A χ ij (p 2 ). Usually, the momentum squared in the self energies is replaced by a constant. For example, in the effective potential method the momentum squared in the self energies is replaced by zero. Another typical choice is to take p 2 equal to the tree level mass. In Fig. 4 we have replaced p 2 by the same constant p 2 in the three self energies and plot as a function of this constant the two Higgs masses m h and m H calculated after that replacement. In the solid (dashed) line we have m h (m H ) as a function of the squared root of the argument of the self energies.
We see that, for the choice of parameters in Fig. 4 , the dependence of the Higgs masses m h and m H on p 2 is quite strong, specially for large values of Fig. 4 . The reason why the Higgs masses calculated with these approximations differs so much from the masses calculated with our method is the large value of the squark mixing: approximations (a) to (c) do not treat appropriately the squark mixing. An approximated formula which treats the squark mixing can be found for example in ref. [22] . As it can be seen above, a better value is obtained with the effective potential, but still, differences can be of 6% to 14%. It could be argued that the effective potential method can be improved by correcting the fact that it is found at zero external momentum, i.e., corrections of the type ∆m 2 = A hh (m 2 h,tree ) − A hh (0). Nevertheless, this correction implies that all the information comming from the effective potential is canceled out, and we are left with the pure diagramatic method. Therefore, we could have started with the diagramatic method in the first place and forget about the effective potential. The necessity of the above correction disappears in first approximation if m tree h = 0, as it was done in ref. [9] (see also discussion in ref. [23] ).
Conclusions
We have developed a new method of diagonalizing two coupled scalars by introducing a momentum dependent mixing angle α(p 2 ), where p is the external momentum of the two-point functions. The dependence of the mixing angle on the momentum p 2 indicate us that the rotation matrix which diagonalizes the inverse propagator matrix is different whether we are at the pole mass
H or at any other scale. We have compared this method with the conventional wave function renormalization and with the mixed wave function renormalization In fact, we introduced the momentum dependent mixing angle as a generalization of the previous methods.
We applied this method to the diagonalization of the CP-even Higgs bosons inverse propagator matrix in the MSSM. We used the diagramatic method in an on-shell renormalization scheme, where the tadpoles are exactly zero at one-loop, the masses m Z , m W , and m A are defined as the pole masses, and tan β is defined through the on-shell definition of the slepton masses mẽ L and mν e . We calculate the wave function renormalization constants Z 1 and Z 2 by imposing that the residue of the propagators of the CP-even Higgs bosons are exactly one. We do this by using a formula for Z 1 and Z 2 valid for any number of loops and, therefore, specially useful when radiative corrections are large. We make explicit the relation between the momentum dependent mixing angle, which includes some effects of higher order loops, to the mixing angle calculated in the exact one-loop perturbative limit. We also make explicit the relation between the momentum dependent mixing angle α(p 2 ) and the running mixing angle α(Q), where Q is the arbitrary mass scale of the MS scheme. We give some numerical results by calculating the parameter sin(β − α), which is the ratio between the ZZh coupling in the MSSM to the same coupling in the SM. We compare this parameter calculated with the momentum dependent mixing angle α(p 2 ) with (a) the tree level approximation, (b) the ∆ t -improved approximation (including only terms proportional to m 4 t ), and (c) the leading logarithms approximation. We find important numerical differences between the different methods, and they are relevant for the Higgs searches at LEP2 in the region of parameter space where m A = O(m Z ).
Finally, we calculate the pole masses of the CP-even Higgs bosons m h and m H . We show that they are exactly independent of the wave function renormalization constants Z 1 and Z 2 only if we use the formulas in eq. (41). The Higgs masses are calculated by finding the zeros of the determinant of the inverse propagator matrix [eq. (38)], and this is the direct consequence of the definition of the momentum dependent mixing angle α(p 2 ). We compare with the Higgs masses calculated in the three approximations described in the above paragraph and we find that for some choices of parameter space there are non-negligible differences between them, and therefore, in those cases our method should be used.
It is worth to mention also that our method can be easily generalized to the diagonalization of more than two coupled scalars. Also the generalization to the diagonalization of coupled fermions or coupled vector bosons is straight forward.
In this appendix we display the exact one-loop formulae we need to compute the inverse propagator matrix for the CP-even Higgs fields, for loops involving top and bottom quarks and squarks. We exhibit separately the contribution from the quarks and from the squarks loops.
To obtain the mass counterterms δm 
where we use the notation B 
Here we use the notation s t ≡ sin α t and c t ≡ cos α t where α t is the rotation angle necessary to diagonalized the top squark mass matrix. Similar expressions are used for the sbottom mixing angle α b .
The W -boson self energy is
for the quarks contribution, and
for the squark contributions. xxx The third mass counterterm we need to compute is δ(m 2 12 /s β c β ) and it is related to the CP-odd self energy and the tadpoles through eqs. (32) 
for top and bottom squarks loops. Finally, we need the two point functions A χ ij . In the case of the self energies, we add the appropriate tadpole as indicated bellow. The contribution due to the top and bottom quarks is very simple:
where we notice that χ 1 couples only to top quarks, and χ 2 couples only to bottom quarks, implying that the mixing is zero. The contribution due to top and bottom squarks to the χ 1 χ 1 self energy minus the χ 1 tadpole is: Coupling hZZ relative to the SM coupling H SM ZZ, sin(β − α), as a function of tan β. It is plotted the tree level (upper dot-dashes), the ∆ t -improved tree level (dots), the leading logarithms (lower dot-dashes), and the parameter calculated with the momentum dependent mixing angle α(p 2 ). In the last case, we use the mixing angle evaluated at the heavy Higgs mass scale α(m H ) (dashes) and the light Higgs mass scale α(m h ) (solid). We take m A = 100 GeV, M SU SY = 200 GeV, A = 140 GeV, and µ = −70 GeV. Coupling hZZ relative to the SM coupling H SM ZZ, sin(β − α), as a function of m A . It is plotted the tree level (upper dot-dashes), the ∆ t -improved tree level (dots), the leading logarithms (lower dot-dashes), and the parameter calculated with the momentum dependent mixing angle α(p 2 ). In the last case, we use the mixing angle evaluated at the heavy Higgs mass scale α(m H ) (dashes) and the light Higgs mass scale α(m h ) (solid), for a squark mixing given by A = µ = 150 GeV. 
